Electronic structure of thefullerene

i) Thefullerene molecule

The fullerene is an approximate spherica molecule with 60 Carbon atoms. There are 12
pentagons (polygon with 5 bonds) and 20 hexagons (polygon with 6 bonds) such tha each
pentagon is surroundel by 5 hexagons and each hexagon is surroundel by 3 pentagons and 3
hexagons (Fig. 1)

Figure 1. C60 (black in front, red in back). Carbon atoms at every point with bonds in between.
The same molecule rotated such tha pentagons on top and at bottom (displaying
D5d-symmetry, left) and hexagons on top and at bottom (displaying D3d-symmetry, right).

Mesh cut open at five positions (circles with arrows) like to a sphere cut by a haf-meridian.

In order to have an easy undestanding of the network of bondsin the fullereneit is cut at
at five positions (andogous to a sphere cut by a meridian, Fig. 1) and displayed flat (changed
bondlengths now represented by thickness of lines: single bond thin line, doulde bondthick line,
Fig. 2).

To evauate the eectronic wavefunctions and thar energy spectrum of the fullerene we
use the step-potentid modd (where each bondis approximated by a onedimensond potentid
step) andinclude branching condtions at every Carbonatom. The potentia troughsat the Carbon

atoms are not consdered.
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Figure 2. Schematic representation of the fullerene molecule to show the network of bonds The
approximate sphericad molecule is cut at five positions and displayed flat. Bond lengths
represented by thickness of lines: single bond(thin line), doulde bond(thick line). Representation
of same molecule dightly rotated such tha a) pentagons on top and at bottom (displaying
D5d-symmetry) and b) hexagons on top and at bottom (displaying D3d-symmetry).
The building block (joining two bonds with onelinking bondby two branchingsg is the smallest
unit to assemble the network of bonds in the fullerene (five lines with regular linkages).
By ingpection one can obsrve two patterns of bulding blocks for the network (with short
notation building block joining ¥, & ¥, = a ¥,& ¥, = b, ¥, & ¥, = ¢, ¥,& ¥, = d and
proceeding from right, first building block, to left, 30" building block):

badcba bedcba bedeba bedcba bedeba (case 2a)

chcdabcbad cbedabcbad chedabebad (case 2b)



i1) The step potential model.

The general solution (Figure 3) of the onedimensional SchrSdinger equation with the
potentia V(s ) composed of step potentids V;

‘@(s)=E-o(s) 1)

is a wavefunction @(s) of energy E > V; (case of free dectron) and E < V; (case of tunnding

electron). The vaues of the wavefunction and its deivative at the left border of step i,

cp1=cp(si) and cpi=(;—(£($), and at the right border of step i, cp2=cp(sl-+d) and
cp’2 = CCZZ—CP(sl- + d), are conrected by (using theaddtion theorems for sin, cos sinhand cosh)
s
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Figure 3. Solving the Schrsdinger equation (1) by the trander matrix method derived in equations
(2) to (6). Singled out step potentid V;. Case E > V; (free eectron) and case E < V; (tunnding

electron). Wavefunction at theleft border (5) and right border (s+d) of step i.
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Thelinear equations(2) and (3) are written in short notation
fa b9
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with the 2 x 2-matrix (caled trander matrix |\/|-|- over the potentid step) which gives thevaue
@y of thewavefunction andits derivativ #9 knowing thevaue ¢ of thewavefunction andits
derivativ (pi :
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i) Solving the Schrsdinger equation for the fullerene molecule.

The transfer matrix Mq(E) over the g-th building block ABC (joining trandfer over

three bondswith two branching condtiong isgiven by the 4 x 4-matrix

ap bB 0 0 1 0 0
cg d 0O Ofl-an 1 -b
Mq(g) _ B B . A A
0 0 ac bc o 0 1
0 0 Cc dC Ca 0 dA

(7)
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Theleft matrix of produd (7) is simply thetranger matrix Smultaneoudy over both bonds B and
C. Theright matrix of produd (7) is the trander matrix over the bondA indudng the branching
to bonas B and C (Figure 4, note that arrows fix thesigng)
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Figure 4. The bulding block ABC and its branching (total of 30 building blocks ABC tha make

up thefullerene molecule, see Figure 2).

For this transfere over bondA indluding the branching condtions the derivatives (] and @5 of
the wavefunction are needed knowing thevalues " 1 and " 2 of the wavefunction. Therefore the
transfer matrix M (with b = 0) istranformed
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The solutions (with energy values E) of an electron in the network of bondsof the

fullerene are wavefunctions which are single vaued (vaues IPp left = ¢ and continuous

IIIp,righ
(derivatives IP'p left = IP'p right) at the5 cutting points p = 1 to p = 5 (Figure 2), thus we have
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where the matrix MlelO ( E) is thetrander matrix over the network of bondks:
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The produd (11) is a produd of 30 10! 10-matrices where the 4! 4-matrix M q (E) of

produd (7) is paticulaly emboded in the g-th 10! 10-matrix (by use of the j x j-identity
matrix ij i ): it represents the g-th building block ABC which is displaced aong the network in
a paticular pattern. The paticular pattern of displacement applied in the produd (11)
corresponds to the case of Figure 2a Equation (10) can be written as

M1010(E;) =E10"10 and is best solved by the method of Singular values (see

M athematica).



